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Abstract 
In this paper, we introduce a novel class of topological systems with inversion-symmetry 
and fractional (non-integral) Chern numbers. The non-integral topological number arises due 
to the discontinuous behaviour of the Hamiltonian in the spectral domain. We propose a 
fractional bulk-edge correspondence that links the number of edge-states with the fractional 
topological number. Furthermore, we show that the number of bands below a band-gap of a 
generic one-dimensional periodic system determines the Chern topological number of an 
extended system with a synthetic dimension. It is theoretically and numerically demonstrated 
that in real-space the Chern number gives the number of gapless trapped state branches 
localized at the system boundary, when its geometry is continuously displaced by one lattice 
period.  
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I. Introduction 
Topology has recently emerged as a new tool to characterize global properties of physical 
systems, e.g., physical responses that are robust to perturbations of the system parameters [1-
11]. There are different classes of topological platforms. Usually a nontrivial topology is 
rooted in some particular symmetry or combination of symmetries of the system, e.g., 
invariance under discrete translations, time-reversal, parity, etc. For systems with a Chern-
type classification the topological analysis relies on the spectrum of some family of 
Hermitian operators Hˆq  parameterized by a two-component label ( )1 2,q q=q  [12-13]. The 
Hermitian property is not essential [13-21]. Provided the two-parameter space is a closed 
surface with no boundary and Hˆq  varies smoothly with q , then it is possible to assign a 
topological number 
gap
 to the spectral band-gaps. This result is known as the Chern theorem. 
The number 
gap
 is an integer and its value is insensitive to perturbations of Hˆq  that do not 
close a band-gap.  
In most studies so far, the topological properties are inherited from the periodicity of the 
system along two-directions of space and q  is identified with a Bloch wave vector. The 
corresponding two-parameter space is a Brillouin zone, which is effectively a closed surface 
with no boundary (a torus) due to its cyclic nature, as required by the Chern theorem. Thus, 
topological materials are characterized by integral Chern numbers. Here, we depart away 
from this paradigm and present an example of a photonic-type topological system with a 
synthetic dimension and fractional Chern numbers. Our analysis unveils that “fractional” 
topological numbers can emerge when Hˆq  is discontinuous in the q -space. It is shown that a 
spatial displacement in real-space “pumps” topological charge into the system with the 
synthetic dimension. It should be noted that fractional Chern insulators have been widely 
discussed in condensed-matter systems [22-24]. However, the emergence of fractional Chern 
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numbers in such platforms is rooted in many-body effects, and, in our understanding, there is 
no obvious link between our theory and these systems. 
This article is organized as follows. In Section II it is shown that in 1D-type periodic 
systems the number of photonic bands below the gap can be understood as a topological 
number. In Section III, we link the gap Chern number with the number of edge states 
supported by an extended system with a synthetic dimension. It is demonstrated that in real-
space the topological number determines the number of gapless trapped-state branches that 
are created when the geometry of the 1D-periodic system is continuously displaced by one 
spatial period. In Section IV, we show that fractional gap Chern numbers can arise in 1D-
periodic systems with inversion-symmetry due to a discontinuity of Hˆq  in the q -space. A 
fractional bulk-edge correspondence that relates the fractional topological invariant with the 
number of boundary states is proposed. The conclusions are drawn in Section V. 
It should be noted that previous works [25, 26, 27] predicted topological light-trapping on 
dislocations, but using mechanisms and theories unrelated to ours. 
II. Topological band count 
We consider a generic platform that is formed by a 1D real-space periodic system, which 
we shall designate as “waveguide”. The “waveguide” can be visualized as some periodic 
(possibly three-dimensional (3D)) structure that only allows propagation (waveguiding) along 
the x-direction. For example, it can be a hollow metallic structure, with the metal walls 
invariant to translations along the x-axis, and with the guide periodically loaded with 
dielectric inclusions ( ) ( ), , , ,x y z x a y z = + ; here a is the lattice period. For simplicity, in 
most examples we shall take the “waveguide” as a genuinely 1D photonic crystal formed by a 
periodic stack of dielectric slabs ( ( ) ( )x x a = + ) and restrict our attention to propagation 
along the x axis. However, it is underlined that it can be fully three-dimensional. 
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We admit that the wave propagation in the structure is determined by some operator 
( )ˆ ,H i− r  such that the time evolution of the system state vector  , e.g., the 
electromagnetic field, is described by a Schrödinger-type dynamics ˆti H  = . The time 
evolution of any (eventually dispersive) electromagnetic platform can always be expressed in 
such a manner [9, 12, 28, 29]. For convenience, we designate Hˆ  as the Hamiltonian.  
Due to the periodicity along the x-direction, the eigenstates are Bloch waves labeled by a 
Bloch wave number xq . The corresponding envelopes xqu  (defined such that 
x
x x
iq x
q qu e = ) 
satisfy ( )ˆ ,
x x xx x q q q
H x i q u u−  + =  with 
xq
  the eigenfrequencies. Note that 
xq
u  can be a 
multi-component vector. The parameters , , ,y zy z i i−  −   are omitted from now on in the 
argument of the operator Hˆ  as they are not relevant for the discussion. 
Let us now add a second label ( sq ) to the Hamiltonian related to a translation in space 
0x x x→ − : 
( )( ), 0ˆ ˆ ˆ ,x sq q s x xH H H x x q i q = − −  +q .     (1) 
The coordinate shift 0x  is parameterized by sq . In section III, it will be shown that sq  may 
be understood as a “momentum” determined by a synthetic dimension. It is assumed that 
( )0 sx q  is continuous and that ( ) ( )0 02s sx q x q Na+ − = , with a the spatial period of the 
waveguide and N some integer number. Since ( ) ( )ˆ ˆ, ,x x x xH x i q H x a i q−  + = − −  + , it 
follows that ,
ˆ
x sq q
H  is a periodic function of sq  with period 2 . In a full cycle, as sq  varies 
from sq = −  to sq = , the waveguide is displaced by N complete spatial periods towards 
the +x-direction.  
Since the spectrum of ,
ˆ
x sq q
H  is cyclic in both xq  and sq  one can characterize its 
topological phases. To this end, consider a generic band of eigenfunctions ( ( )
xq
x ) of the 
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“waveguide”: ( ) ( ) ( )ˆ ,
x x xx q q q
H x i x x  −  = . Then, it is obvious that Hˆ u u=q q q q  with 
xq
 =
q ,  ( ),x sq q=q  and with envelope given by 
( ) ( )( ) ( )( ) ( )00 0 x sxx x
iq x qiq x
q s q su x x x q e u x x q e
−−= − = −q .   (2) 
Clearly, the eigenvalues of Hˆq  are independent of sq  and thereby the band-gaps of Hˆq  are 
the same as the band-gaps of the “waveguide”. In other words, a translation in space does not 
alter the band structure. 
The Bloch eigenmodes 
xq
  of Hˆ  can be taken as smooth periodic functions of xq  in the 
1D-Brillouin zone / /xa q a −   . The Chern number  associated with a given band of 
Hˆq  can be found in a standard way from the Berry potential |i u u= q q q q  using 
/
2, 1,
1 2
1 2/
1
2
a
a
dq dq
q q
 
 

− −
  
= − 
  
 
q q
 with ( ) ( )1 2, ,x sq q q q . The eigenfunctions are 
normalized as | 1u u =q q  with . | .  the canonical inner product. Since the Berry potential is 
a smooth function in the interior of the integration domain, from the Stokes theorem the 
Chern number is: 
( )
( )
/
1, 1,
/
2, 2,/ /
1
2
1
     + .
2
s s
x x
a
x q q
a
s q a q a
dq
dq

 


 



=− =+
−
= =−
−
= −
−


q q
q q
     (3) 
Using ( ) ( )( )0 xx
iq x
q su x x x q e
−= −q  one finds that 2, | sqi  = q q q  with 
( )( )0xq sx x q  −q . Noting that | sqi  q q  is a periodic function of xq , it follows that 
the second integral in the right-hand side of Eq. (3) vanishes. On the other hand, using 
( ) ( )( ) ( )00 x sx
iq x q
q su x u x x q e
−
= −q , we get  
( )( ) ( )( ) ( )1, 0 0 0|x x xq s q q s si u x x q u x x q x q = −  − + q .   (4) 
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We used | 1u u =q q  and the periodicity of the envelope in x. The first term in the right-hand 
side of Eq. (4) is a periodic function of sq  because of the periodicity of the envelope in x. 
Thus, it does not contribute to the first integral in Eq. (3). Taking this into account, we obtain 
the first key result of the paper 
( ) ( )( )
( ) ( )
/
0 0
/
0 0
1
2
1
   .
a
x
a
dq x x
x x N
a


 

 
−
= − − +
= − − − = −  

     (5) 
We used ( ) ( )0 02s sx q x q Na+ − =  in the last identity. The above formula proves that each 
photonic band of Hˆq  has a topological charge of “−N”, i.e., identical to minus the number of 
displaced unit cells towards +x. Note that  has an integral value because Hˆq  satisfies the 
conditions of the Chern theorem. In particular, the gap Chern number of a given band-gap is 
identical to the number of bands ( bandsn ) below the gap multiplied by the number of shifted 
cells (N) in one sq -cycle: 
gap bandsn N= −  .        (6) 
Therefore, the number of photonic bands below the gap of a generic 1D-type photonic crystal 
can be understood as a topological number. The topological charge of each band is acquired 
from the translational shift suffered by the waveguide. In other words, a translation in space 
effectively “pumps” topological charge into the system described by Hˆq . This property and 
its consequences are discussed in Section III. 
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III. The synthetic dimension and bulk-edge correspondence 
A. The synthetic dimension 
Next, it is shown that Hˆq  can be regarded as the momentum-space operator of a system 
that consists of the original 1D-type waveguide (which as previously mentioned can be 
embedded in a three-dimensional space) with an additional synthetic dimension. Systems 
with synthetic dimensions were recently discussed in the literature to emulate physical and 
topological phenomena in higher dimensions (see e.g., [30-32]). 
Consider a generic family of operators ( )ˆ , xH x i−   periodic both in  and x: 
2
ˆ ˆH H +=  and ( ) ( )ˆ ˆ, ,x xH x i H x a i−  = + −  . The operator ( )ˆ , xH x i−   may also depend 
on other space coordinates (y, z, etc) and space derivatives, but as they are not relevant for the 
analysis they are omitted. We introduce a matrix operator ( ˆe ) that acts on a column state 
vector of the form ( )  1 0 1... ...
T
m x   − = =   , m=0,±1, ±2,…, through a 
convolution: 
( )ˆ ˆe e
n
  →  = 
 
    where  ( ) ( ) ( )ˆ ˆ ,e n m x m
n
m
H x i x− = −  ,  (7) 
with n=0,±1, ±2,… . The matrix elements of ˆe  are defined as: 
( ) ( )
2
0
1ˆ ˆ, ,
2
i m
m x xH x i d H x i e


−  = −  ,      m=0,±1, ±2,…   (8) 
The state vector ( )m x =     has two space-type coordinates: x which corresponds to a 
continuous real-space coordinate, and m which corresponds to a discrete (lattice) coordinate. 
The coordinate m determines the synthetic dimension. The Bloch eigenfunctions are 
characterized by a state vector of the form ( )m x =     with ( ) ( ),
ikx im
m kx u x e e =  and 
satisfy ,
ˆ
e k =  , where ( ),k  is the two-dimensional Bloch wave vector 
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( / /a k a −    and  −   ). Substituting ( ),
ikx im
ku x e e  =    into Eq. (7) and 
using the Fourier synthesis relation ( ) ( )ˆ ˆ, , inx n x
n
H x i H x i e−−  = −  , it is found that the 
secular equation ,
ˆ
e k =   reduces to: 
( ) , , ,ˆ , x k k kH x i k u u−  + = .     (9) 
Thus, the operator ( )ˆ , xH x i k−  +  is the momentum-space version of ˆe . 
The previous theory can be readily applied to the family of operators 
( )( )0ˆ ˆ ,s x xH H x x q i q= − −  +q  considered in Sect. II, with the obvious correspondence 
( ) ( ), ,x sq q k . In particular, Hˆq  is the momentum-space version of some operator ˆe  
defined on an extended-space determined by the continuous coordinate x (which varies in the 
“real-space”) and by the discrete coordinate m (which varies along the synthetic lattice-type 
dimension). This property is important as it guarantees that the gap-Chern number can be 
linked to the number of edge-states through a bulk-edge correspondence [13, 33-37]. 
B. The bulk-edge correspondence 
The bulk-edge correspondence establishes a precise relation between the gap Chern 
numbers of two topological materials and the net number of unidirectional edge states [33-
37]. There is a simple argument that justifies the emergence of edge-states at the interface of 
a topological system terminated with an “opaque” (impenetrable) electromagnetic boundary 
[13, 37]. Interestingly, the gap Chern number can be written as a volume integral of the 
Green’s function of a large cavity terminated with periodic boundaries [13, 37]. The key 
point is that in a band-gap the Green’s function evaluated in the interior of the cavity is 
insensitive to the boundary conditions on the walls. This is so because in a band-gap the 
radiation from a point-source in the interior of the cavity is unable to reach the walls. 
However, it turns out that if the cavity walls are “opaque”, the integral that determines the 
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Chern number (evaluated with the Green’s function that satisfies the opaque-type boundary 
conditions) vanishes. The sensitivity of the Chern number integral to the boundary conditions 
forcibly implies the emergence of gapless edge states at “opaque”-type interfaces. For 
detailed arguments a reader is referred to Refs. [13, 37] (see also Refs. [38-39]).  
From the previous discussion, the Chern invariants of the operator ˆe  determine a bulk-
edge correspondence in the extended space with a synthetic dimension. Are there any 
consequences of this bulk-edge correspondence in real-space? To answer this question, 
consider two 1D-type periodic “waveguides”, described by the (real-space) Hamiltonians 1Hˆ  
and 2Hˆ , respectively. Suppose that the waveguides have a common band-gap. Furthermore, 
let us add a synthetic (discrete) dimension to each waveguide, such that the extended-space 
Hamiltonians are 1
ˆ
e  and 2
ˆ
e , with each of them described by a momentum-space 
Hamiltonian of the form 
( ) ( )( ), 0ˆ ˆ ,ii i s x xH H x x q i q= − −  +q , i=1,2. For definiteness, we take 
( ) ( )0
i
s ix q N  , with iN  an integer and 
2
sq a

 = . Then, from Eq. (6) the gap Chern number 
difference in a common gap is: 
gap gap,1 gap,2
bands,2 2 bands,1 1        n N n N
  −
=  − 
.     (10) 
Here, bands,in  is the number of bands below the gap for the i-th waveguide. In particular, when 
the number of shifted cells in both waveguides is 2 1 1N N= = , the gap Chern number 
difference is given by the difference of the number of bands below the gap, which thereby is 
a topological quantity. 
The bulk-edge correspondence implies that an interface of the two topological platforms 
supports gap  unidirectional gapless edge states. A generic interface in the extended space 
does not have an obvious real-space geometric interpretation. The exceptions are the 
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.x const=  interfaces, which correspond to standard real-space interfaces between the two 
waveguides. It is implicit that the waveguides cross-sections are identical when they are 
embedded in a 3D space.  
Let us investigate the consequences of the bulk-edge correspondence for an interface 
.x const= , let us say 0x = . By definition, the edge states in the extended space must be 
localized near 0x =  and have a variation along the synthetic dimension (coordinate n ) of the 
form sinqe  with sq  the wave number of the edge state in the synthetic dimension: 
( )n x =     with ( ) ( )
sinq
n x x e =  (n=0,±1, ±2,…). Evidently, the edge states projection 
into real-space ( ( ) ( )0 x x = ) corresponds to a wave trapped at the interface 0x =  of the 
two waveguides. A fixed sq  in extended space corresponds to a spatial shift 
( )
0
2
i s
i
q
x N a

=  in 
real-space. Thus, as sq  varies from 0  to 2  the internal structure of the i-th waveguide is 
displaced by 
iN  cells. For some particular combinations of the shifts the 0x =  interface can 
support trapped (localized) states. The bulk-edge correspondence establishes that the number 
of gapless “trapped states” branches in real-space is precisely gap , which is another of the 
key results of the paper. 
C. Numerical examples 
To illustrate the developed ideas, we consider the case where the “waveguides” are 1D 
photonic crystals formed by stacked dielectric slabs (see Fig. 1(ai) for the geometry of a 
generic binary photonic crystal). The band structure of a 1D photonic crystal can be 
calculated with standard methods [40]. We denote ( )0 ,LZ x   and ( )0 ,RZ x   as the Bloch 
impedances of the (unbounded) photonic crystal calculated at the plane 0x x=  when looking 
at the left or right, respectively (Fig. 1(ai)). The band diagram and the Bloch impedances are 
numerically evaluated as explained in the supplementary note A. 
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Consider the scenario where two photonic crystals are paired to form an interface at 
0x =  (Fig. 2(ai)). The semi-space 0x   is filled with a photonic crystal modeled by 
( ) ( )( )11 0ˆ ,s xH x x q i− −  , and the semi-space 0x   by a photonic crystal modeled by 
( ) ( )( )22 0ˆ ,s xH x x q i− −   with ( )0i ix N=  . The trapped (defect-type) states at 0x =  are the 
solutions of the characteristic equation [27]: 
( ) ( ) ( ) ( )1 21 2, , 0L RZ N Z N −  + −  = .     (11) 
Here, 
( )i
LZ  and 
( )i
RZ  are the left- and right- Bloch impedances of the i-th photonic crystal. 
Each value of 
2
sq a

 =  corresponds to a specific spatial-shift of the inner structure of the 
photonic crystals. In one full sq -cycle, the parameter   varies from 0 =  to a = . The 
effect of shifting the geometry of a generic photonic crystal is illustrated in Figs. 1(aii) and 
1(aiii). 
In the first example, we suppose that the semi-space 0x   is a perfectly electric 
conducting (PEC) wall, so that 
( )1
0LZ = . The semi-space 0x   is filled with a binary 
photonic crystal with a unit cell formed by two dielectric slabs A and B of thickness Ad  and 
Bd , and relative dielectric permittivity and permeability A , A  and B , B , respectively 
[see Fig. 1(a)]. The structural parameters are taken as A 7 = , B 1 = , A B 1 = = , A 0.4d a=  
and B 0.6d a= . Figure 1(b) shows the numerically calculated band structure (  vs xk q ) 
with the band gaps shaded in grey. Since for the PEC semi-space gap,1 0= , it follows that the 
gap-Chern number difference is gap bands,2 2n N =   [Eq. (10)]. Note that the gap Chern 
number of the dielectric photonic crystal with the synthetic dimension is nonzero, even 
though the structure in real-space is reciprocal. In fact, the time-reversal symmetry in real-
space does not imply a time-reversal symmetry in the extended space. 
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Suppose that 2 1N = −  so that the photonic crystal is displaced by a complete period to the 
negative x-axis in a full  -cycle [Fig. 1(aii)]. The dispersion of the interface states as a 
function of the spatial shift   is determined from 
( ) ( )2 , 0RZ  = . The corresponding 
solutions in the band-gaps are plotted in Fig. 2(b) (blue curves). As seen, in agreement with 
the bulk-edge correspondence, gap bands,2n = − , the number of branches ( )n =   in each 
gap is exactly coincident with the number of bands below the gap. Each branch ( )n   
crosses completely the band-gap, and all the branches have a positive slope vs.   indicating 
that they are unidirectional gapless states in the extended space with the synthetic dimension. 
Our formalism enables to predict in a simple manner how many (defect-type) trapped states 
occur in real-space for a fixed frequency in the band-gap, when the geometry of the crystal is 
displaced by one period. The number of trapped states is exactly the number of bands below 
the gap. The operation of a “spatial shift” by one period may be regarded as a “topological 
pump” that inserts topological charge into the system. The topological charge is identical to 
the number of bands below the gap. The topological invariant manifests itself as the number 
of trapped states branches in a band gap.   
The profile of two trapped states in the fourth band gap are represented in Fig. 2(c). The 
field profiles were obtained using CST Microwave Studio [41]. As seen, the trapped states 
are confined to the boundary of the photonic crystal, and decay exponentially into the bulk 
region. As could be expected, the trapped mode in the center of the band gap (Fig. 2(c)(ii) for 
0.38 = ) is much more confined to the interface than the one near the bottom edge of the 
band gap (Fig. 2(c)(i) for 0.30 = ).  
In the second example, the PEC region in the semi-space 0x   is replaced by a binary 
photonic crystal with parameters 
A,l 2 = , B,l 1 = , A,l B,l 1 = = , A,l 0.4d a=  and B,l 0.6d a= , 
with the photonic crystal in the semi-space 0x   the same as before. Figure 3(a) shows the 
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band structures of the right (blue solid curve) and left (green dashed curve) crystals. There are 
two common frequency band gaps highlighted with the shaded grey strips. Consider first the 
situation wherein one of the photonic crystals is held fixed, while the other crystal is 
displaced by one cell period to the negative x direction. Figure 3(b) depicts the interface 
states dispersion ( )n =   in the two common gaps for the two possible displacements: i) 
the left crystal is held fixed and the right crystal slides to the left [blue solid curves; 
1 0N =  
and 
2 1N = −  in Eq. (11)], ii) the right crystal is held fixed and the left crystal slides to the left 
[green dashed curves; 
1 1N = −  and 2 0N =  in Eq. (11)]. For the case i) [case ii)] the number 
of solution branches is identical to the number of bands of the right [left] crystal below the 
gap, consistent with the bulk-edge correspondence [see Eq. (10)]. The slope of the curves 
( )n =   is different in the two cases. This property is explained by the fact that gap  has 
a different sign in each case. Indeed, the sign of gap  is linked to the angular momentum of 
the edge modes in a closed system [37, 42, 43]. Thereby, the direction of the energy flow in 
the extended space must change when the gap Chern number sign changes. 
We also studied the situations where the photonic crystals are simultaneously displaced to 
the negative x-direction 
1 2 1N N= = −  (blue solid curves in Fig. 3c), or, alternatively, the right 
crystal is displaced to the negative x-direction and the left crystal to the positive x-direction 
(
1 1N =  and 2 1N = − ) (green dashed curves in Fig. 3c). In both cases, it is observed that the 
number of trapped states branches in a common band gap is identical to 
gap bands,2 2 bands,1 1n N n N   −  . For example, for the lowest frequency gap bands,2 4n =  and 
bands,1 3n = . Consistent with this property one observes a single gapless trapped state branch 
when 
1 2 1N N= = −  and 7 gapless trapped states branches when 1 2 1N N= − = . 
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We verified that the bulk-edge correspondence also holds true for other more complex 1D 
photonic crystal geometries. For example, suppose that the left photonic crystal of the 
previous example is replaced by a ternary layered structure with parameters 
A,l 2 = , B,l 1 = , 
C,l 3 = , A,l B,l C,l 1  = = = , A,l 0.3d a= , B,l 0.6d a=  and C,l 0.1d a= . Different from the 
binary crystals considered in the previous examples, the ternary crystal does not have 
inversion (parity) symmetry. Figure 4 reports a study identical to that of Fig. 3, when the 
ternary photonic crystal (region 0x  ) is paired with the same binary photonic crystal as in 
Fig. 2. The results are qualitatively analogous to those of Fig. 3 and again confirm that it is 
possible to predict the number of trapped states from the knowledge of the number of bands 
below the band-gap. Curiously, in this example the slope of the trapped states dispersion can 
be discontinuous (see the low-frequency gap in Fig. 4b, blue lines). This feature is due to the 
discontinuity of the permittivity profile of the photonic crystals. 
Furthermore, we also studied the emergence of interface states in 1D-type waveguides 
embedded in a two-dimensional real-space. Specifically, consider a waveguide with metallic 
lateral walls constructed from a 2D photonic crystal with the unit cell represented in Fig. 5a. 
The lateral width of the guide is 
yN a  and the electric field is oriented along the z-direction. 
The corresponding band-diagram for propagation along the x-direction is represented in Figs. 
5b) and 5c) for the cases 5yN =  and 6yN = , respectively. The band diagram is numerically 
calculated with CST Microwave Studio [41]. The band-gaps are shaded in gray. We 
terminated this waveguide (positioned in the semi-space 0x  ) with a metallic plate placed at 
0x = , and numerically found the edge states for different shifts of the waveguide geometry. 
The trapped states dispersion ( )n =   is shown in Figs. 5d) and 5e). We consider 
displacements along the negative (
2 1N = − , blue curves) and positive ( 2 1N = , green dashed 
curves) x-axis. As seen, also for this more complex system, the number of branches agrees 
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with the number of bands of the waveguide below the gap. Furthermore, as expected, the 
slope of the curves ( )n =   depends on the displacement direction.  
IV. Fractional Chern systems 
A. Non-integer Chern numbers 
Consider now some 1D-type “waveguide” system with inversion symmetry described by 
a real-space Hamiltonian ( )ˆ , xH x i−  . Different from the previous section, here it is supposed 
that the state vector   (in real-space) is a scalar function. 
We consider again the Hamiltonian ( )( )0ˆ ˆ ,s x xH H x x q i q= − −  +q  with eigenfunctions 
( ) ( )( )0 xx
iq x
q su x x x q e
−= −q  [Eq. (2)]. However, different from Sect. II, here it is assumed 
that ( ) ( )0 02 / 2s sx q x q N a+ − =  , so that the number of displaced cells in one cycle is half 
of an integer, which is a fractional number when N is odd. In particular, it follows that Hˆq  is 
a discontinuous function in the q -parameter space when N is odd. 
Following the same steps as in Sect. II, still assuming that ( )
xq
x  is picked as a smooth 
periodic function of xq , one can show that the Chern number of a given band of Hˆq  is 
determined by the first term in the right-hand side of Eq. (3): 
( )
/
1, 1,
/
1
2 s s
a
x q q
a
dq

 

 =− =+
−
= − q q .     (12) 
Without loss of generality, let us suppose that ( )0 0x − = . Then, it is seen that 
1, x
s
qq =−
=q  and 1, x
s
qq =
=q  with |x x x xq q q qi u u=   and |x x x xq q q qi u u=   with 
( ) ( ) x
x x
iq x
q qu x x e
−  and ( ) ( )/ 2 x
x x
iq x
q qu x x Na e
− − . The integrals 
/
Zak
/
x
a
x q
a
dq



−
=   and 
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/
Zak
/
x
a
x q
a
dq



−
=   are by definition the Zak phases determined by the symmetry centers 0x =  
and / 2x Na=  of the original periodic 1D system [44, 45]. Thereby, from Eq. (12) we get: 
( )Zak Zak
1
2
 

= − .        (13) 
The Zak phase is gauge dependent, i.e. it can vary modulo 2  with 
xq
 . Interestingly, it is 
shown in the supplementary note B that for a scalar Hamiltonian the difference of the Zak 
phases Zak Zak −  is gauge independent, when both Zak Zak,   are evaluated using the same 
gauge. Specifically, it turns out that Zak Zak N  = + . This proves that: 
1
2
N= − .         (14) 
Thereby, a half-of-period pump yields a fractional gap Chern number that is identical to the 
number of bands below the gap multiplied by / 2N :  
bands
gap
2
n
N= − .        (15) 
This is another key finding of the paper. Evidently, the non-integer gap Chern number is 
insensitive to any perturbations of the system that do not close the band-gap. The fractional 
Chern number occurs because the operator Hˆq  is discontinuous: , , 2
ˆ ˆ
x s x sq q q q
H H +  when N is 
odd. The quantization of the Chern number is rooted in the parity symmetry of the system. 
B. Fractional bulk-edge correspondence 
Similar to Sect. III, it is possible to add a synthetic dimension to the system so that Hˆq  is 
the momentum-space version of some operator ˆe  defined in an extended space of 
coordinates. Is there any manifestation of the fractional topological number gap  in the real-
space? 
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The standard bulk-edge correspondence is not directly applicable to systems with a 
fractional Chern number [13, 33-37]. However, motivated by the findings of the previous 
section, we conjecture that an interface of inversion-symmetric systems with a fractional 
(half-integer) Chern numbers supports a number of edge state branches equal to 
gap gap,1 gap,2 bands,2 2 bands,1 1 / 2n N n N = − =  −   when 
( )
0
i
ix N=   and   varied in half-
period 0 / 2a   . The counting of the edge mode branches is done with the following 
rules i) if an edge-mode branch is completely contained in 0 / 2a    it counts as “one” 
branch. ii) if the edge-mode branch intersects the “momentum” boundaries 0 =  and 
/ 2a =  it counts as half-branch. Note that in case ii) the edge modes are not gapless with 
respect to the momentum domain 0 / 2a   . This is a consequence of the discontinuous 
nature of Hˆq  at 0 =  and / 2a = . It is underlined that 0 =  and / 2a =  correspond to 
the configurations for which the system has inversion symmetry with respect to the origin 
( 0x = ). Importantly, the notion of parity-symmetry cannot be unambiguously applied to a 
PEC boundary or to other opaque-type boundaries. Thus, such opaque-type boundaries are 
excluded from the proposed fractional bulk-edge correspondence. 
We did extensive numerical simulations to test the conjectured bulk-edge correspondence 
for fractional Chern systems formed by dielectric photonic crystals. Here, we report the 
results obtained for two representative configurations: an interface formed by pairing two 
binary crystals [example of Fig. 3 discussed previously] and an interface formed by pairing a 
binary photonic crystal with a quaternary inversion symmetric crystal [Fig. 6]. Note that 
binary photonic crystals are always inversion symmetric. 
In both examples, we computed the trapped states for a full-period spatial shift 
( 0 a   ). The relevant part of the dispersion diagram for fractional Chern insulators is the 
range 0 / 2a   . The simplest way to check that the proposed bulk edge correspondence 
works is to verify that the number of branches on the left-hand side of the line / 2a =  
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(marked by the dashed red vertical line in Figs. 3 and 6) is exactly the same as the number of 
branches on the right-hand side of the same line. Evidently, the trapped states dispersions 
plotted in Figs. 3 and 6 have this property. Note that similar to Sect. III we consider systems 
with 
1 0N =  and 2 1N = − , with 1 1N = −  and 2 0N = , with 1 2 1N N= = − , and with 
1 2 1N N= − = . For example, in Fig. 6c, the gap Chern number difference is gap 7 / 2 =  for 
the low-frequency gap and gap 9 / 2 =  for the high-frequency gap, for the case 
1 2 1N N= − =  (dashed green lines). Consistent with the value of gap , the low (high) 
frequency gap contains 3 (4) gapless trapped state branches and 1 gapped trapped state 
branch at 0 =  in the momentum range 0 / 2a    (half-period pumping). The gapped (at 
0 = ) trapped state gives the contribution ½ to gap . It can be checked that all the other 
plots are consistent with the conjectured fractional bulk-edge correspondence. 
It should be noted that our theory is rather different from that of Ref. [27], which predicts 
the emergence of interface states in one-dimensional inversion-symmetric photonic crystals 
from the sign of the imaginary part of the Bloch impedance calculated at an inversion 
symmetry plane. The sign of the Bloch impedance depends on the gap Zak phase and on the 
number of pass-bands below the gap. Different from [27], our theory predicts the precise 
number of edge state branches created when the crystals are displaced by a half-integer 
number of lattice periods.  
For a half-period displacement of a single crystal, let us say of the left crystal (
1 1N =   
and 
2 0N = ), the gap Chern number is gap 1,bands / 2n = . Thus, in this scenario, the gap 
Chern number is non-integer when the displaced crystal has an odd number of bands below 
gap. Clearly, for gap  non-integer the proposed fractional bulk-edge correspondence 
implies the emergence of a trapped state at one and only one of the symmetry centers 0 =  
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and / 2a =  (e.g., see the green dashed lines in the first common gap in Fig. 3b). In contrast, 
when gap  is an integer (number of bands below the gap of the displaced crystal is an even 
number) the fractional bulk-edge correspondence implies that either both or none of the 
symmetry centers 0 =  and / 2a =  supports trapped edge states. The enunciated 
properties are rather general and apply to arbitrary values of 
1 2,N N . 
V. Conclusions 
In summary, it was shown that in one-dimensional periodic systems the number of bands 
below a gap can be understood as a Chern topological number of an extended system with a 
synthetic dimension. This topological number determines the number of edge states in the 
extended space with the synthetic dimension. The real-space projection of the edge states are 
modes localized at the boundary of the 1D crystal, for some shift of the unit cell. The number 
of trapped states branches “pumped” by a full-lattice period displacement equals the number 
of bands below the gap. This result does not require any particular symmetry, and establishes 
a rigorous and simple bulk-edge correspondence for interfaces of one-dimensional systems.  
Moreover, it was shown that in inversion-symmetric systems a displacement by a half-
lattice period in real-space determines an extended space Hamiltonian with a fractional Chern 
number equal to the number of bands below the gap divided by two. The non-integer Chern 
number is due to the discontinuous nature of the Hamiltonian associated with the half-period 
topological pump. We conjecture that dielectric systems with a fractional topological charge 
obey a fractional bulk-edge correspondence that links the number of trapped-states branches 
with the fractional Chern number. Thereby, our work determines an entirely novel and 
intriguing class of topological systems with fractional topological charge, which may lead to 
rather unique physical effects and phenomena. 
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Figures 
 
 
Fig. 1. (a) (i) Structure of a binary photonic crystal formed by two phases A and B. The left and right Bloch surface 
impedances calculated at the generic plane 0x x=  are indicated in the figure. The 0x =  plane is placed at the middle of 
slab A (center of symmetry). (ii) Representation of a negative displacement of the geometry of the photonic crystal. (iii) 
Representation of a positive displacement of the geometry. The areas shaded in grey are cut-way from the structure when 
another photonic crystal is inserted into the region 0x  . (b) Band structure of a photonic crystal (blue solid curves) with 
parameters A 7 = , B 1 = , A B 1 = = , A 0.4d a=  and B 0.6d a= . The grey strips represent the band gaps. Each 
band gap is numbered with a red label. 
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Fig. 2. (a) Representation of the pairing of two different photonic crystals. (b) Interface state solutions for a photonic crystal 
with the same parameters as in Fig. 1b in the right semi-space, and a PEC material in the left semi-space. The grey horizontal 
dashed lines delimit the band gaps which are numbered by the red labels. (c) Time-snapshot of the magnetic field of the 
interface state in the fourth gap for (i) the solution marked by the green circle with 0.3a = , and (ii) the solution marked 
by the green star with 0.38a = .  
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Fig. 3. (a) Green dashed curves: band structure of binary photonic crystal with parameters 
A,l 2 = , B,l 1 = , A,l B,l 1 = = , 
A,l 0.4d a=  and B,l 0.6d a= . Blue curves: band structure of the same photonic crystal as in Fig. 1.  The grey strips indicate the 
common band gaps and the red labels the gap number. (b) Dispersion of the interface states in the common band gaps for a 
negative displacement of one of the crystals with the other held fixed. Blue solid curves: right photonic crystal slides one cell 
to the left; green dashed curves: left photonic crystal slides one cell to the left. (c) Similar to b) but for a situation where both 
crystals geometries suffer a negative spatial shift (blue solid curves, 
1 2 1N N= = − ), or alternatively the left crystal suffers a 
positive spatial shift and the right crystal a negative spatial shift (green dashed curves, 
1 1N =  and 2 1N = −  ). 
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Fig. 4. Analogous to Fig. 3a for the case where the photonic crystal in the semi-space 0x   is replaced by a ternary 
photonic crystal with parameters 
A,l 2 = , B,l 1 = , C,l 3 = , A,l B,l C,l 1  = = = , A,l 0.3d a= , B,l 0.6d a=  and C,l 0.1d a= . 
The band structure of the ternary photonic crystal is represented with green dashed curves in panel a). 
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Fig. 5. a) Unit cell of a 2D photonic crystal with 
1 1 = , 2 6.5 = , 3 12 = . The unit cell period is a. The parameter d 
represented in the figure is 0.115d a= . b) Band diagram of the waveguide with metallic lateral walls constructed from a 2D 
photonic crystal with 5 unit cells along the y-direction. The shaded grey strip indicates the band gap of the waveguide. c) 
Similar to b) but for a waveguide constructed from a 2D photonic crystal with 6 unit cells along the y-direction. d) 
Dispersion of the interface states in the band gap for a waveguide constructed from a 2D photonic crystal with 5 unit cells 
along the y-direction, placed in the semi space 0x   and terminated with a metallic plate placed at 0x = . The waveguide 
geometry is continuously displaced by one lattice period along the x-direction. Blue solid curves: negative displacement 
(
2 1N = − ). Green dashed curves: positive displacement ( 2 1N = ). e) Similar to d) but for a waveguide constructed from a 
2D photonic crystal with 6 unit cells along the y-direction. 
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Fig. 6. (a) Green dashed curves: band structure of a quaternary photonic crystal with inversion symmetry and parameters 
A,l 2 = , B,l 1 = , C,l 4 = , D,l 1 = , A,l B,l C,l D,l 1   = = = = , A,l 0.5d a= , B,l 0.2d a= , C,l 0.1d a=  and  D,l 0.2d a= . Blue 
curves: band structure of the same photonic crystal as in Fig. 1. The grey strips indicate the common band gaps and the red 
labels the gap number. (b)-(c) Same legend as in Fig. 3 with the quaternary photonic crystal in the semi-space 0x   and the 
binary photonic crystal in the semi-space 0x  . The number of trapped-states branches in half-period ( 0 / 0.5a   ) is 
determined by a fractional Chern number. 
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Supplementary Note A: Dispersion equation and Bloch impedance of a 1D 
photonic crystal 
Here, we derive the characteristic equation for the Bloch waves of a 1D layered photonic 
crystal and the Bloch wave impedances. The unit cell is formed by an arbitrary number (N) of 
layers (see Fig. A1 for the case N=3).  
 
Fig. A1. Equivalence between a multi-layered photonic crystal and a periodic transmission line. 
As is well-known, the wave propagation in a 1D photonic crystal is formally equivalent to 
the propagation in a periodic transmission line (Fig. A1). Thus, the characteristic equation for 
the Bloch waves can be easily found using the ABCD-matrix formalism [S1]. To this end, 
one needs to find the ABCD-matrix for a unit cell, which links the input and output voltages 
and currents as: 
1 2
1 2global
V VA B
I IC D
    
=    
    
.      (A1) 
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From the theory of microwave networks, the global ABCD matrix is given by the product of 
the ABCD matrices of the uniform line sections: 
global 1
...
N
A B A B A B
C D C D C D
     
 =     
     
M .     (A2) 
In the above,   
( ) ( )
( ) ( )
,
1
,
cosh sinh
sinh cosh
i i c i i i
c i i i i ii
d Z dA B
Z d dC D
 
 −
  
=   
   
,  1,2,...,i N=   (A3) 
is the ABCD matrix of the thi  section, , 0c i i iZ   =  is the wave impedance and 
i i ii
c

  = −  is the propagation constant. Here, 0  is the free-space impedance and c is the 
speed of light in vacuum. The permittivity and permeability ,i i   are normalized to the free-
space values. 
For Bloch waves the input and output voltages are linked by 
2 1
2 1
a
V V
e
I I
−   =   
   
, with 
ik = −  the (complex) propagation constant of the Bloch mode. Thus, using Eq. (A1) one 
finds that the “output” voltages and currents satisfy the homogeneous equation: 
( ) 2
2
0a
V
e
I
+  −  = 
 
M 1 ,        (A4) 
with M  the global ABCD matrix defined as in Eq. (A2). This result implies that 
( )det 0− =M 1 , or equivalently ( ) ( )2 tr det 0 − + =M M , with ae  += . Since the system 
under analysis is reciprocal, one has ( )det 1=M  [S1]. The solutions of the second degree 
equation are 
( ) ( )
2
1,2
tr tr
1
2 2

 
=  − 
 
M M
. Because of 1,2
ae  = , one has 
( )1 2 tr
a ae e   + −+ = + = M . This implies that the characteristic equation for the Bloch 
waves is 
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( )
( )tr
cosh
2
a =
M
.         (A5) 
The photonic band structure is found by looking for solutions of the above equation with 
ik = −  a purely imaginary number. 
Next, we derive the formulas of the Bloch impedances ( )0 ,LZ x   and ( )0 ,RZ x  . Let us 
suppose without loss of generality that 0x x=  lies in the first line section, as illustrated in Fig. 
A2. 
 
Fig. A2. Geometry used in the calculation of the Bloch impedance. 
It is useful to obtain the global ABCD matrix ( ( )0xM ) for one period, with the input and 
output voltages and currents referred to the planes 0x x=  and 0x x a= + , respectively (Fig. 
A2). This is done as before by multiplying the ABCD matrices of the uniform line sections. 
For the example, for the geometry shown in Fig. A2 one has: 
( )
1 2 3 1
0
1, 2, 3, 1,d d d d
A B A B A B A B
x
C D C D C D C D
 
       
=        
       
M .    (A6) 
Note that 1d   and 1d   depend on 0x . Similar to Eq. (A4), for Bloch waves associated with a 
propagation factor ( )
x
e
− 
 the output voltage and current satisfy: 
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( )( ) 20
2
0a
V
x e
I
  −  = 
 
M 1 ,        (A7) 
Note that ( )  =  depends exclusively on the frequency and can be found from Eq. (A5). In 
the band-gaps   is complex-valued and it is implicit that  Re 0  . Denoting 
( )0
A B
x
C D
 
=  
 
M , it follows from Eq. (A7) that: 
2
2
~ ~
a
a
V B D e
I A e C




−  −   
    
− −    
.       (A8) 
Hence, the Bloch impedance for a wave that propagates towards the positive x-direction is 
( ) 20
2
a
R a
V B D e
Z x
I A e C


− −
= = =
− −
,       (A9a) 
whereas the Bloch impedance for a wave that propagates towards the negative x-direction is: 
( ) 20
2
a
L a
V B D e
Z x
I A e C


−
−
−
= = =
− −
.       (A9b) 
We used the fact that the Bloch impedances are periodic: ( ) ( )0 0R RZ x Z x a= + , etc.  
The trapped states at an interface ( 0x = ) between two semi-infinite photonic crystals are 
forcibly decaying in space Bloch modes of the infinite photonic crystals in the regions 0x   
and 0x  . Thereby, since the current and voltage are continuous at the interface 0x = , the 
localized trapped states must satisfy 
( ) ( ) ( ) ( )1 20, 0, 0L RZ x Z x = + = = , consistent with the 
main text. 
Supplementary Note B: Relation between the Zak phases of two symmetry 
centers 
Here, we consider a generic scalar Hamiltonian ( )ˆ , xH x i−   with inversion symmetry 
( ( ) ( )ˆ ˆ, ,x xH x i H x i−  = −  ) and periodic in x, so that ( ) ( )ˆ ˆ, ,x xH x i H x a i−  = + −  . Next, it is 
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shown that the Zak phases of two generic symmetry centers ( / 2x Na=  and 0x = ) are 
unambiguously related as Zak Zak N  = + . 
As discussed in Sect. II of the main text, the Bloch eigenmodes k  of Hˆ  can be picked 
in such a way that ( ) ( ) ikxk kx u x e =  is a globally defined smooth periodic function of k . 
Since the system has inversion (parity) symmetry, it follows that ( )k x −  is also an 
eigenmode, but associated with the wave number k− . Let k  be such that 
( ) ( ) kik kx x e
  −= − ,       (B1) 
for all k , or equivalently ( ) ( )/ki k ke x x
   −= − . The division is defined only because the 
state vector is a scalar; the normalization | 1k k  =  is implicit and guarantees that k  is 
real-valued. Evidently, k
i
e

 is periodic, smooth and globally defined because ( )k x  also is. 
This implies that k  can also be globally defined as a smooth function; k  is uniquely defined 
modulo 2  for a given ( )k x . Different from ( )k x , k  does not need to be periodic. 
However k
i
e

 is forcibly periodic, and thereby we must have: 
2 2k
k
a
n  
+
− = ,       (B2) 
for some n integer (independent of k ).  
Let us now introduce a 1D Berry potential defined as 
|k k k ki u u=  ,       (B3) 
with ( ) ( ) ikxk ku x x e
−=  the state vector envelope. Noting that ( ) ( )/ki k ke u x u x

−= −  and 
using ( ) ( )| |k ki ik k k k k k k k k ki u u i u e u e  − −− − −= −  = −  = − −  it follows that 
k k k k− + = − .       (B4) 
Hence, by integrating both sides of the formula we get 
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( )
/
Zak / /
/
1
2
a
k a a
a
dk

 

  −
−
 = − − .     (B5) 
Here, Zak  is the so-called Zak phase [S2], which from Eq. (B2) is necessarily an integer 
multiple of  . 
Because of the inversion symmetry and of the periodicity, / 2x Na=  is also a center of 
symmetry. Thus, it is also possible to write ( ) ( )/ 2 / 2 kik kx Na x Na e
  −− = − −  for some 
k . From Eq. (B1), one finds ( ) ( )/ 2 / 2 k k
i i
k kx Na x Na e e
   −− = +  or equivalently, using 
the Bloch property ( ) ( )/ 2 / 2 k ki i ikNak kx Na x Na e e e
   −− = − . This proves that 
2k k kNa l  = − + ,       (B6) 
with l an integer independent of k. From ( ) ( )/ 2 / 2 kik kx Na x Na e
  −− = − −  we get 
( ) ( ) kik ku x u x e

−= −  with ( ) ( )/ 2
ikx
k ku x x Na e
−= − . Hence, the 1D Berry potential for the 
second center of symmetry |k k k ki u u=   satisfies a formula analogous to Eq. (B5): 
k k k k− + = − .       (B7) 
From Eq. (B6) it is now evident that the Zak phase for the second center of symmetry is such 
that: 
Zak Zak N  = + .       (B8) 
The above formula is consistent with the well-known fact that the Zak phase depends on the 
center of symmetry [S2].  
Supplementary References: 
[S1] D. M. Pozar, Microwave Engineering, 4th Ed, (2011). 
[S2] J. Zak, “Berry's Phase for Energy Bands in Solids”, Phys. Rev. Lett. 62, 2747, (1989). 
